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1 Introduction

As is well known, an important operation exists in de Rham cohomology called integra-
tion along the fiber for a fiber bundle. In this paper, we extend it to the smooth Deligne
cohomology, which is a refinement of ordinary cohomology. In the interesting work [BM],
Brylinski and McLaughlin show in an abstract way that there exists such an operation
for a fiber bundle with a Riemann surface as a fiber, and they use it to construct the
Quillen metric on the determinant line bundle over the moduli space of stable bundles
on a Riemann surface, which has been recently extended to the general case in [B2] (see
also [GS]). In this paper we construct such an explicit map on the Cech cochains and
prove a Stokes-type formula which shows that it is a chain map when the fiber has no
boundary. Moreover, we prove that the induced map on the smooth Deligne cohomology
is canonical, that is, it is independent of all choices used in the construction. This con-
struction is performed along ideas by Brylinski [B1] and Gawedzki [G]. It seems to be
an interesting but difficult problem to interpret our results in terms of the differential
geometry of higher gerbes, which are geometric objects corresponding to elements of
the smooth Deligne cohomology (see [B1], [B2], and [CMW]). We have just heard that
an integration theory of the Deligne cocycles was developed and then applied to the

Chern-Simons theory, independently from and before us, by Freed [F].
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2 Definition of the integration map

In this section we construct the integration map along the fiber for the smooth Deligne
cohomology. For simplicity, we consider only product bundles in the sequel.

Let X be a smooth manifold. The smooth Deligne cohomology of X is defined as
the hypercohomology of the complex of sheaves

« dlog 1 d d P
Cy B, AL 454 Ap

where A% denotes the sheaf of smooth complex-valued k-forms on X (see [B1]).

The hypercohomology of a complex of sheaves is a useful generalization of the
cohomology of a single sheaf. As with usual sheaf cohomology, there is a Cech defini-
tion, which is used in the sequel. For any open covering i of X and for any complex of
sheaves F°, the cochains C* (4, ) form a double complex, one differential 5 coming from
the covering and the other from the complex of sheaves F°. The Cech hypercohomology

groups are defined by

HI(X,F°) = limH9(C* (U4, F°)),
(X,5°) i (C*(,5%))
where H9(C*(4,F*)) denotes the cohomology of the single complex with differential,
denoted by D, associated in the usual way to the double complex.

Now we consider a product bundle 7w : X x M — X, where X is a paracompact
smooth manifold, and M is a compact oriented smooth manifold of dimension m. Let
U ={Uylxer, and let U = {V }gc; be locally finite good coverings of X and M, respectively.
An open cover U = {U} is called good cover if all nonempty intersections Uy, N---NUg,
are contractible. Hence, 20 = {Ux X Vg J(«,p)c1xy 1S @ good covering of X x M.

To construct the integration map along the fiber M, we first choose a triangulation
t: |K| = M of M; that is, |K| is a polyhedron associated with a simplicial complex K and t
is a homeomorphism. We assume that for any simplex o € K, there is an open set V € U
such that t(Jo]) C V; that is, a triangulation (t,K) is finer than the covering . We then
fix a map ¢ : K — ] such that t(|o]) C V(o) (called an index map).

We define the set of flags of simplices F(i) by

Fi)={6=(o™%...,0™) | o” €K, dimo® =p, c™ ' C--- C o™}
and the set of sequences of integers Pq(i) by
Pa() = (= (1, mg) [y €2, m>my > 2 g > m— ).

In the sequel, it is convenient to put ng =m, ngy1 =m—1i,and [fi| =Y

s—1 MNs-
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Definition 2.1. The integration map along the fiber M,

dl
11—’K,¢) : Ck<m»g;<(><l\/l i>A§<><M — —>A]>3(><M> — cem

is defined by

Vi, (f,w!,... wP) =(g,0",...,0"" ™),

where
9060" Xk —m
m—1
— § E [T m—i
= exp (*1) W .o 0 1 ol oayk—m L k—m
S 55 aer omi Yem Y ony Yo Y ong Y onyis Y emt
- k—m
(1'%
X I | f o 0 1 1 2 2 k—mn k—
GEF(M) HEPK_m(M) <J0'U Yom Yom Yony Yomg Yong Yoy Y nil Yoo
GeF(m) REPK_m (M
and
1
e0(0 c&k—m—1
m
1—i
= NGVl Bt
0 0 1 k—m-—1 Kk—m—1
om—t Yem T Yon Yoy Yong Ym0 gt

Here, the index v} = (o, p(09)) € I x J.

We note that an orientation of M (hence, that of top-dimensional simplex oc™)
induces that of 09 for ¢ = m —1,..., m along the flag 0™ * C --- C ¢™. In particular, the

induced orientation of 6™~ gives the integration [

om—i*

3 Main theorems

In this section we prove the Stokes-type formula for the fiber integration x4, which
shows that {x ¢ is a chain map when the fiber has no boundary. We prove that the

induced map in the cohomology is independent of all choices used in the construction
of lI)K,d: .

Theorem 3.1. The fiber integration ¢ satisfies

Px,p 0D = (=1)"D ok ¢ + (00)ok, 00,
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where (01)sk,a¢ is the fiber integration for the product bundle X x 0M — X, with the

restrictions to the boundary oM of the triangulation and the index map. O
Corollary 3.2. If the fiber M has no boundary, then the map {x ¢ is a chain map. O

Proof. We put

and

(h’,’r’l,...,’r’pfm) =Dok,¢(f,w,...,0").

By the definition of the integration map V¢, we have

1 1+1
cc_garxk,m,t - (_1)mT/

XXk —m—1
m
i 1+1-1
P D N T G N T R AR
om-—i ( )‘YUT“”.’YQ-“I anl .“‘Yo-“Z Y m

i=0 G€F(1) AEPK_m_1(1)

+ Z Z Z(,l)\ﬁIJrkfmflfi

X dwn}>+171 k—m—1 "~ (_1)m71d wn})+171 k—m-—1
om—i ‘yo‘m.“‘ycmfi ‘Yo-m“.’yo-mfi

om—i

T

+ (50'1)

ook —m—1"

We split the terms on the first line of the right-hand side of equation (3.1)

m+1+1-1i
x J (5(1) )VO N R VIR yitl ykomt
om-i om i T e™ sMi+1 Y mj gm—i

m )
~ J Z (_1)j+qwm+l+lfi/\
om—i

ceyd ey sy
0 a=o Ying Y g ca Y g
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into three pieces:

(i) j =rand q =0 for r with n,;; —n, = 0 so that the v} vanish;

(ii)j=rand q=0o0r q =n.;4; — n, for r with n,; —n, > 0;

(iii) all other terms.
The first piece cancels with the third line of the right-hand side of equation (3.1). In the
second piece, all terms, with the exception of the terms with j = 0, g = 0 and the terms
withj =k—m—1, g = m —nx_m_1, vanish because terms withj =r—1, g = n, and
terms with j = r, ¢ = n,_; cancel in pairs. The terms with j = 0, g = 0 are equal to the

element n'*!, where we put

(S)Tll yoe e vnpim) - (alp)aK,a([) (fv wl Yy wp)

since for each (m — 1)-dimensional simplex o™ ! € K\ 0K, there exist just two top-
dimensional simplices which have c™~! as a face and induce opposite orientations.
The terms withj = k—m—1, g = m—ny_,,, | cancel those on the second line of the right

side of equation (3.1) by the formula for a differential form w,

J dw:(fl)m*idJ w—i—J w.
om—i om—i dom—1i

The third piece vanishes because for each partial flag
o tc...cottcoscottl o c o™,

there exist just two flags

and
o™ tc...cotlcot cottlc---c o™

which extend it and induce opposite orientations of c™ 1.
Hence, we have T = (—1)™1/'"! 4+ 1. Similarly, we can show f = f'"V" x s,

which completes the proof of Theorem 3.4. |

Remark 3.1. The sign (—1)™ in the above theorem corresponds to that in the usual for-
mula [,, dw = (-1)™d [,, w+[,,, w for the integration along the fiber M of a differential

form w on X x M.



704 Gomi and Terashima

In the sequel, we suppose that the fiber M has no boundary. Then by Corollary 3.2
and the fact that 4l and 20 are both good coverings, we find that the map 1 4 induces

the map on the smooth Deligne cohomology

* dlog _
BE g HE (XX M, S =5 Al — -+ — AR ) — HE™

(X Cx 8 AL — - AR,

To prove that the map llﬁf ¢ is independent of the choice of index map, for two

index maps ¢, ¢’ : K — J, we define the map

H: Ck<va;><M %A;(XM —_ _)A;j(XM) N Ckfmfl

(wCx Ak — - — AL ™)

by
1 _ 1 m
H(f)w ) awp) - (h)n ) anp ))
where
h“o"'“kfrnfl
m—1 k—m—1T1j41—ny
= exp 5 E E E (_l)ln\+)+q
i=0 G€F(i) A€Px_m-1(i1) j=0 q=0
m—i
X w . . o
Jo—m—i y%m...y;niqy/lgnjq.“y/l;mmi1>
k—m—1Tj+1 -7y (—1)/Tl+i+a
X I I I I f j j k—m—1
- (JUO y?rmmyjﬁﬂijy”gnij V/(,mTl
GeEF(m) A€Px_m_1(m) =0 q=0
and

k—m—1-1Tj+1 -1

— Z Z | . (_l)lﬁHHq

% m+1l—i
0 ...~ 2 oyt k—m—1-1"
O—m—i yo—m Yon)-—qY Gn]——q Y om—i

Here, an index y/y. = (&, ¢’ (0%)) € I x J.
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By a method similar to that in the proof of Theorem 3.4, we have the following
lemma.

Lemma 3.3. The map H is a homotopy operator between {x ¢ and Pk, ¢; that is,
ll)K‘d)/—le)d):HOD—i-(—l)mDOH. O

Now we recall that the morphism of complexes

dlog d d
* 1 . P
QX AX AX
id
p+1
Ax

induces the homomorphism
d:HP (X,Cx s Ak — o AL ) — APTL(X),

where AP"!(X) is the space of complex-valued (p + 1)-forms.

Theorem 3.4. (i) The integration map ! = tl)?m) is independent of all choices used in
the construction.

(ii) For k = p the following diagram is commutative:
a
HP (X % M, G 25 Ak — - — AR ) ——= AP (X x M)
lw“ (~)mm,

Hp-—m (X,Q;} _dlog | Ay — A;im)

Apferl (X)

where 7, is ordinary integration along the fiber for the product bundle 7: X x M — X.

O

Proof. (i) We need to prove that 11)?(‘4) is independent of the choice of good covering and
cocycle, which represents the same cohomology class, triangulation of the fiber M, and
index map. At first, Lemma 3.3 implies that xl)?(‘d> is independent of the choice of index
map. Moreover, considering a common subdivision, it shows that 11’1|j<, ¢ 1s independent
of the choice of triangulation of M.

By standard argument, it follows from Corollary 3.2 that 1|)§<‘ ¢ 1s independent of
the choice of covering and cocycle.
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(ii) We recall that for a Cech cocycle (f, w?, ..., wP) € CP (W, Cxp —> dlog, Alsem —
- — A¥  m), the morphism d is defined by

d(f,w',...,wP) = dw?,

where dwP denotes the global (p + 1)-form, which is given by piecing together
{dw{’(x ﬁ)}(“,ﬁ)gx]. Hence, to prove (ii), it is sufficient that for any cover V,,1 € U, we

show

o™ = ()" Y| awh

om

where we put (g,0!,...,07"™) =Pk o (f,w!, ..., wP).
Now, by the definition of the integration map ¢, we have

m
dog, ™ :Z Z dJ w‘YO mY?

0
_ om—i '“—ngn—i
i=0 GeF(i)
m
_ m—i p—i
= E (-1) J dw?; e
P 463—(1) om—1i Y T“y om—1 Vam—i
1=0 o

- w?, 0
dom—1i ‘chycnl 1"'V6m i

m
SY | aen, 3 Y o] e

N o ’Y,Smfi
i=1 GeF(i)

Z (_1)mfiJ‘ w‘P i
...q0 .
F() gom-t YemYomo1 Vomos

i=0 &€

Next, we show that the last two terms on the right-hand side cancel. On the one hand,

by the cocycle condition, we have

m
m—i p—i
> Yy Lm,‘d“’v ey

- ’Yo-mfi
i=1 GeTF(i)
m
_ m+1 —i+1
= § (-1) (5wp ) 00 (o0
m—i YomY m—1"Y m—i
. . . o o o
i=1GeJF(i)
m
—i —i+1
=D (—pmiH wP .
4 . om—i ,YOm-YO mfl”"yo m—i+1Y0 m—i
i=1 o-e’}‘(i) o o o o

In the last line we use the fact that if s > m — i, then for each partial flag

s—1

o tc...cotlcoscotl oo co™



Fiber Integration for Deligne Cohomology

there exist just two flags

and

o ltc...cotlcotcottl e co™

such that the terms corresponding to the above two flags cancel in pairs.
On the other hand, we have

m—1
m—i p—i
E (_1) J wyo +0 e )
i=0 FeF(y) gomzt T Temit et
m—1
_ m—i p—i
- Com e
. R om—i—1 omtfs;m—1 om—i

m

_ m—i’+1 p—i’+1

= E (—1) W o o 0 )
i N 'YUWL’YO_m,I Y

om—i’ om—i/+1

where we put i’ =1+ 1.

Therefore, we find

aor, ™ = ()" Y| awl,
om om om

which completes the proof of Theorem 3.4(ii).
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Finally, we note that all arguments hold for any oriented fiber bundle n: E — X

with a fiber M in place of the product bundle m : X x M — X; indeed, we only need

to use an open covering {¢ ' (Ux X Vp)}(«,p)eixj Of the total space E in place of 20 =

{Ua X Vpl(«,p)eixy, where {Vp}gaes is a good cover of the fiber M, and {(Uy, @ «)}acr is a

trivialization of the fiber bundle 7 : E — X such that {U4}xc1 is a good cover of the base

space X.
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